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BBHS 2020 HSC Mathematics Extension 1 Trial Examination
Section I
10 marks

Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10.

Ql. Part of the graph of y = 3 tan™! x is shown below.

A y =13
B S
y=23

C y=43m
3
D =+ —
y=35

Q2.  The polynomial 2x3 — 5x% — 16x + 24 has zeroes @, f and .

What is the value of afy(a + 8 +v) ?

A. —-30
B. —20
C. 20
D. 30



BBHS 2020 HSC Mathematics Extension 1 Trial Examination

Q3. What is the angle between the vectors (_23) and ( 1 ) ?

18

39

A. = _1(—)
0 = cos T

B g = _1( 39)
. = coS 5
33

¢ oman(®)
0 = cos o

D. ¢ —1( 33)

. = S — —
co o

Q4. Express the vector 736 in terms of @, b and c.
a
b
Q p
A. —a—b-c

B. a+b+c

C. —a+b+c
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Q5. The differential equation that is best represented by the direction field below is

y
—-.-.—-.-.-.s\\\\\\\\\\\\\l
_~mm e s sSsSSSSISSSSSNSANNANLV Y
~S~~NSSSSNSNSSNNINNNWNVYV s
SSNSNSSNSSNSNANNANINNWN VY r
SSSSSNSSSNANANA\NWNIVV VY v 727~
SSSSSSNANANAN\\WV\| V47 72rrrs>
PERENNENENNEY Y ] VA2V V2Pl
SSSNSNANANNWN\\WN\N VW 72— -
SSNNSNAN\N\\X\N IV VN 7y rr o~
SSNSNANAN\N\WN W 7277 7 7rrrrrr - —
NNANNA\N\ IV V2 7 27 rrrrmrr - —
\\\'l/////////———-———_-_-
dy
A —:x—y
dx
d 1
B. 2_
dx x-—y
dy
C —=y—x
dx
d 1
p. Z_
dx y-—x
. .. . tan 5x — tan 4x
Qo. Which expression is equivalent to 7
1 + tan5x tan4x
tanx
A. —_—
1+ tan 20x
tan 5x
B. _
1 + tan 5x
C. tan 9x
D. tan x
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Q7. Which expression is equal to j cos? 6x dx ?

cos3 6x
18

A.

+c
B ! (12x + 12x) +
i 54 (12x +cos12x) +c
C ! (12x + sin12x) +
. > x+sinl2x) +c¢

1
D. — — si
7 (12x —sin12x) + ¢

Wl

Q8. By letting u = tan x, f tan? x sec? x dx can be expressed as
0
L2
A. f * 2du
0
V3
B. f u?du
0
V3
C. f udu
0
V3
D. f (u* + u?)du
0
Qo. A private institution course regulation requires that the same number of students

achieve each grade from A to E where possible. What is the smallest number of
students required to ensure at least one particular grade is awarded 7 times?

A. 30
B. 31
C. 35
D. 36
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Q10.  Which graph best represents y? = 3 sin|2x| ?

A.
y
(N [N [N .
_wn 5T /2 —w -mi2 0 w2 3m/2 sm/z Am
B.
N
y
C N NN N
jn\sryn -3m/2 ww 3m/2 wn >
C.
¥
AWANANWAR
_UQ U2 0\72 Uﬂ |
D.

<

e

-3/ 2 HU w2 3ml/ 2

End of Section I
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Section 11

60 Marks
Attempt Questions 11-14
Allow about 1 hour and 45 minutes for this section

Answer each question on a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks)  Use a SEPARATE writing booklet.

a) Differentiate y = 2 cos™1(5x) 1

b) Using the substitution u = 2 — x*, find J- x3(2 — xH)0%dx 3

c Solve <1 3
) 3x+17

d) A function f(x) is given by x? — 4x + 3.

i) Explain why the domain of the function f(x) must be restricted if 1
f(x) is to have an inverse functions.

i) Find the equation of the inverse function f~1(x) if the domain of 2
f(x) is restricted to x > 2.

State the domain and range of f ~1(x), given the restriction in part ii).

iv) On the same diagram, sketch the graphs of y = f(x) and 3
y = f~1(x), showing clearly the coordinates of the end points and
the intercepts on the coordinate axes.

End of Questions 11

-8-
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Question 12 (15 marks)  Use a SEPARATE writing booklet.

a)

b)

d)

Bags of lollipops are supposed to contain 50 lollipops. Production records
indicate that 92% of bags contain 50 lollipops. A batch of 15 bags is
sampled. If more than 2 bags do not contain exactly 50 lollipops, production
is stopped.

1) Find the probability, correct to four decimal places, that exactly 2 of
the 15 bags selected do not contain 50 lollipops.

i1) Find the probability, correct to four decimal places, that production is
stopped.

Two vectors are given by a = 3i + mj and b = —10i + nj where m,n > 0.

1) If |a| = 5 and a is perpendicular to b, find the values of m and n.

ii) Hence find the unit vector b.

X T X
Use the substitution t = tanz to show that secx + tanx = tan (Z + E)
The polynomial P(x) = 2x3 + ax? + b has a double zero at x = —5.

1) Find the values of a and b.

i) Hence factorise P(x) completely.

Using the substitution u = v/x find

31
fo \/§(9+x)dx

End of Questions 12

9-
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Question 13 (15 marks)  Use a SEPARATE writing booklet.
a) Using mathematical induction, prove the following is true for all positive
integers n

1
1+6+11+---+(5n—4)=§n(5n—3)

b) Metal Fatigue is a phenomenon where a piece of steel will fail when
repeatedly subjected to force F. The endurance limit is the force below which
the steel will not break even if subjected to an infinite number of application
of that force. Let the number of applications be n.

The force and the number of applications are related by the differential

equation Z—F = —k(F — F,) where k and F; are constants.
n

1) Show that F = 275e~*™~1 4 F| is a solution to the differential
equation.

i1) If F = 350 when n = 1, find the value of Fj.
111) Find the exact value of k if F = 80 when n = 200.

v) Find the endurance limit.

c) 1) Given that 5 cos @ — 5v3sin8 = A cos(6 + «), find values of A

T
and @ where 4 > 0 and 0<a<§.

i1) Hence find the maximum value of 5 cos8 — 5v3sin 6 + 15.

d 1
d) Solve the differential equation == given that when

dx  (2-y)W2—x2

x = 1,y = 0. Express y as a function of x.

End of Questions 13

-10-
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Question 14 (15 marks)  Use a SEPARATE writing booklet.

a) The diagram below is a sketch of the graph of the function y = f(x).

f(x) = +4

x+1

Draw a separate half-page graph of each of the following functions, showing
all asymptotes and intercepts.

) y=If()]
i1) y = f(IxD)
1
111) y = m
iv)  y*=f(x)

Question 14 continues on next page

-11-
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Question 14 (continued)

b) 1) Show that i (eZ Sinx) =2CoSXx ez sinx
dx

sinx

1) The region bounded by the graph y = +v/cosxe and the x-axis

T
between x = 0 and x = 0 is rotated about the x-axis to form a

solid.

-m/2 0 T2
-1

Using the result from part 1), find the exact volume of this solid.

c) An open flat topped water trough in the shape of a triangular prism is being
emptied through a hole in its base at a constant rate of 18000 c¢m3 per
second. Its top measures 1.5 metres by 4 metres and its triangular end has a
vertical height of 25 centimetres. When the water depth is h centimetres the
water surface measures x centimetres by 4 metres.

25 em)
h em

1) Show that when the water depth is h centimetres, the volume V ¢cm3

of water in the trough is given by V = 1200h?

i1) Find the rate at which the depth of water is changing when
h =20 cm.

End of Paper

-12-
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Section 1

Ql

D 1 Mark
Asymptote fory = tan~ ! x is
T
=+—
Y==3
Asymptote fory = 3tan™ ' x is

Q2

A 1 Mark

5
aﬁy(a+,8+y)=§x—12=—30

Q3

C 1 Mark
—3%x1+2x%x18

V(=3)2 + 22 x V1% + 182

cos@ =

Qa

A 1 Mark
c —_—

Q5

B 1 Mark
The vertical line segments on the line y = x, so option B and D are
possibilities. Positive gradients for x = 0 and y < 0 then gives option
B.

Q6

D 1 Mark
tan 5x — tan4x

1 + tan 5x tan 4x
= tan(5x — 4x)
=tanx

Q7

C 1 Mark
cos(2 X 6x) = 2cos?6x — 1
cos12x + 1 = 2 cos? 6x

1
cos? 6x = > (cos12x + 1)

cos? 6x dx
1
= EJ(COS 12x + 1)dx

1,1
=—<—sin12x+x> +c

2\12
L 12 +1 +
=ogsinl2x+ox+c

1
= ﬁ(sin 12x +12x) + ¢




Q8

E
3
I=f tan? x sec? x dx
0

u =tanx
du = sec®x dx

u=13

X =0V, u=

1 Mark

Q9

There are 5 grades from A to E. At least one grade awarded 7 times
implies each group has at least 6.

5x6+1=31

~The least possible number of students in this group would be 31
students.

1 Mark

Q10

D

y? = 3sin|2x|

y = +|/3sin|2x]|

|2x| has the graph reflecting along the y axis, so option B and D are
possibilities. sin 2x has period m, therefore the only option is D.

1 Mark




Section 2

Qlla d 1 1 Mark
dx (2 cos™ 5) Correct solution
=2X-
1—25x2
_ 10
V1 — 25x2
Qllb | = fx3(2 _ x4)10dx 3 Marks .
Correct solution
u=2-x*
du = —4x3dx 2 Marks
Correct primitive
= _lf(z —xM10 x —4x3dx function in terms of u
4
I——lfulodu 1 Mark
4 Correct substitution
1 ull
[=—=-X—+
2711 "¢
yll
[=———+
44 " €
(2 — xH1t
I=———"—
v +c
Qllc 4 1 3 Marks
< —
3x+17 1 X 3 Correct solution
4Bx+1) < (3x +1)? 2 Marks
4Bx+1) - (Bx+1)*><0 Identifies both
Bx+DM4-CBx+1)]<0 important values
Bx+1(-3x+3)<0
(3x + 1)()6 - 1) =0 1 Mark
Multiplies both sides by
1
x<——,x>1 the square of the
3 denominator
Ql1di f(x) = x? — 4x + 3 is a parabola. 1 Mark
Correct solution
For each value of y value of f(x) except the turning point, there are
two x values. A horizontal line will cut the graph twice.
If x and y are swapped, each x in the domain will have two y values,
so the inverse will not be a function.
Q11dii fx)=x?—-4x+3 x=2 2 Marks

fx)=(x?—4x+4)—1
f)=(x-2)*-1

For f~1(x), swap x and y

x=(@y—-2)?-1 y=2
x+1=(y—2)?
y—2=+Vvx+1
—vx — lisdiscardedasy = 2
y=2+\/x_+1

cf') =24Vx+1

Correct solution

1 Mark

Swaps x and y, and
attempts to find inverse
function




Qlidiii Domain:x = —lasx+1=>0 2 Marks
Correct solution
Range:y = 2asvx+1=0
1 Mark
Correct domain or
range
Qlidiv 3 Marks
Correct solution
2 Marks
Provides both graphs
with most key features
shown
1 Mark
Provides one correct
graph
Q12ai P(X =2),X~B(15,0.18) 1 Mark
Correct solution
15¢, x 0.082 x 0.9213
= 0.227306...
= 0.2273
Q12aii Production is stopped = P(X > 2) 2 Marks
Correct solution
1-P(X<2)
=1-(PX=0)+PX=1)+P(X =2)) 1 Mark
=1—(°Cy x 0.08° x 0.92%5 + 15¢; x 0.08! x 0.92%* + '5¢, Shows that
x 0.082 x 0.9213) PX > 2)
= 0.112965 ... =1-PX=2)
= 0.1130
Q12bi a=3i+mj 2 Marks
I; _ —~10i +~n] Correct solution
1 Mark
|a| = Finds the correct value
32 4 m? = 52 of m
m=+5%2-32 (m>0)
m=4

Since a is perpendicular to b
ab=0
3Xx-10+4xn=0

4n = 30

n =

[UnN

30
4
15
"=




Q12bii b 1 Mark
b=— Correct solution
" |yl 5
., 15,
o THir
b= >
- 1
~10)2 4 (=2
\/( 10)2 + 2 )
., 15,
o Wi
b= Z
~ 15
—~10)2 4 (=2
J (=10) 1; (Z)
5 —10£' + TJN
TS
2
b= —(—41’ + 3])
X
Ql2c £ — tan— 3 Marks
2 Correct solution
LHS = secx + tanx
2
LHS=1+t +i 2 Marks
12— tz2  1-1t2 Makes significant
LHS = ﬂ progress and uses
1- tzl , compound angle
LHS = & formula correctly
Q1+)(1-19v
LHS = ﬂ 1 Mark
1- tﬂ x Correct substitution of t
LHS = tanz + tany formula for secx +
1 —tanTtan X tanx
1 —tan Z tan )
LHS = tan (E + f)
4 2
LHS = RHS
Q12di P(x)=2x3+ax®+b 2 Marks
P'(x) = 6x% + 2ax Correct solution
Double rootat x = —5 1 Mark
P'(=5)=0 Uses multiple root
6(=5)? +2a(-5) =0 theorem to obtain the
150 = 10a correct value for a
a=15
P(—-5)=0
2(=5)3+15(=5)2+hb =0
125+b =0
b =-125
Q12dii P(x) = 2x3 + 15x% — 125 1 Mark
P(x)=(x+5)(x+52x—-5) Correct solution
Ql2e u=+x 3 Marks
du = lx_%dx _ 1 d Correct solution
2 2vx
2 Marks
x=3 u=+3 Correct integration
x=0 u=0

1 Mark




3 1
I=f0 NN

1 2f3 - X 1d
= ——— X ——=dx
o O+x) 2Vx
Vi
=2 —d

fo 9+ u)™

1 u‘/§

[=2X%X|=t ‘1—]

X[s an =3,

2 V3
I = 3 <tan_1 =~ tan~1 O)
I—ZXT[
376
==
"9

Obtains correct
integrand in terms of u

Q13a

1
1+6+11+--~+(5n—4)=§n(5n—3)

1. Prove statement is true forn = 1
LHS =1

1
RHS=E><1><(5><1—3)
RHS =1
LHS = RHS

~Statement is true forn =1

2. Assume statement is true for n = k (k some positive integer)

i.e.

1
146+ 11+ -+ (5k —4) = 2k(5k - 3)

3. Prove statementistrueforn =k + 1

i.e.
1+6+11+--+GBk—-4)+GKk+1)-4)
=%(k+ DGE+1)-3)

1
1+6+11+---+(5k—4)+(5k+1)=E(k+1)(5k+2)

LHS=14+6+11+--4+ (5k—4)+ (5k+1)
1
LHS=Ek(5k—3)+(5k+1)
(from step 2)
1
LHS=Ek(5k—3)+(5k+1)
1
LHS=E(5k2—3k+1Ok+2)
1
LHS=E(5k2+7k+2)

1
LHS = 5 (k + 1)(5k +2)
LHS = RHS

~Statement is true by mathematical induction for all positive integers.

3 Marks
Correct solution

2 Marks
Makes significant
progress

1 Mark
Proves initial case




Q13bi F =275e k=1 4 | 1 Mark
d_F e x 275 6-k(-1) Correct solution
P
— = —k x (275e ("D 4 F; — Fy)
dn
ar _ kx (F—Fy)
dn 0
Q13bii F=350,n=1 1 Mark
350 = 275¢7K0-D 4 F, Correct solution
350 = 275e° + F,
F, = 350 — 275
Fo == 75
Q13biii F =80,n=200,Fy, =75 2 Marks
80 = 275e¢k(200-1) 4 75 Correct solution
5 = 275 19%
i = g~ 19% 1 Mark
275 Makes significant
= p—19% progress
55
1 < L ) = —199k
"\55 _1
_In (35)
—-199
_ In 55
~ 199
Q13biv Asn > o, * >0 1 Mark
F =275e %1 4 F Correct solution
F->0+4+75
F—-75
~The endurance limit is 75.
Q13ci 5cosf — 5v3sinf = Acos(6 + a) 2 Marks
5cos@ —5v3sinf = Acos6 cosa — Asin @ sina Correct solution
Acosa =5 (D
Asina =5V3  (2) 1 Mark
Finds the correct value
(1)? + (2)2 forAora
A% cos® a + A?sin® a = 5% + (5\/§)2
A? =100
A=10
1+ (2)
5v3
tana = —
5
_T
“=3
Q13cii 1 Mark

T
5cosf — 5v3sin @ = 10cos(9 +§)

T
5c059—5x/§sin9+15=10cos(6’+§)+15

Maximum value of 10 cos (0 + g) is 10
Maximum value of 5 cos 8 — 5v/3sin + 15is 10 + 15 = 25

Correct solution




Q13d dy 1 4 Marks
dx (2 —y)V2 —x2 Correct solution
1
2-y)dy = > — 2 dx 3 Marks
Makes significant
f(Z y)dy = fm x progress
y? Nz
2y — - = sin (ﬁ) +c 2 Marks
Correct primitive
x=1y=0 function
02 1 1 Mark
2Xx0——=sin"t (—) +c Shows split
2
0T V2 (2- yl)dy
=—+
4 ¢ = dx
c = —E "2 — xZ
4
e ()
2y > = sin 73) "%
X
y? —4y———251n (—)
\/_
y? —4y+4———251n 1<i>
V2
(y —2)2 =E+4—25in‘1<i)
2 2
2=+ n+4 2 si <x)
—-2=4 |- —2sin~1{—
y 5 72
24 |5+ 4-2si —1<x)
=2+ |- —2sin7!t|—
Sincex =1,y=0
2 T +4 —2sin?1 ( ad )
“y=2—- |z —2sin 1 |—
y 5 72
Q14ai =|f(x)| 1 Mark

o o o o o o o o o e -
I
o
n

Correct solution




Q14aii y = f(x|) 1 Mark
Correct solution
\ /]
y
\| 9
\
\
v8
\
A\
\\ 7
\
oy =[f(lz))
5
———————————————————— -4 = = = e e e e e e e e e e e o e e e e o o
~—_ 3
\\ 2
N
\
AY
\ 1
\
\‘ X,
3 25 -2 -5 -1 -05 0 5 1 15 2 25 3
\\ y
1
|
\
\ -2
1
]
\ -3
|
1
Q1l4aiii 1 2 Marks
y= f(x) Correct solution
. 1
Horizontal asymptote becomes y = "
Vertical asymptote becomes x = —1.5 1 Mark .
. b 1 Correct graph with
Y intercept becomesy = ¢ some key features
shown
16{Y
,
08
0.6
1
ny 0.4
(O3

k1
-24 -23 22 21 -2 189 18 17 16 4??
1

\
X
\

-14 13 12

-1 -09 08 07 06 -05 -04 03 -02 -01 O 0

-0.2
-0.4

-0.6




Ql4aiv y? = f(x) 3 Marks
Horizontal asymptote becomesy = 2 Correct solution
y intercepts becomesy = +V6
2 Marks
| Correct graph with most
E key features shown
E 1 Mark
. E Correct graph of
T y=f)
ﬁ : 1
: ,
-4 -35 -3 -25 -2 -5 ~:1 -05 0 0.5 1 1.5 2 25 3
! E 4
Q14bi d o 00N _ e f GO 1 Mark
dx (e ) =f'(x)e Correct solution
d . .
a(62 smx) = 2 cos x e2sinx
Q14bii z L 3 Marks
V= nf (\/cosx esm") dx Correct solution
OE
2 .
V= nf cosx e?Sn¥dyx 2 Marks‘ »
0 Makes significant
T % . progress
V= E_f 2 cosx e2Sin¥ gy
T 0 o 1 Mark
V=5 [e? sinx]2 Provides correct
LT 26in™ 2sino integrand for volume of
V= E(e z-e ) revolution
T
V= E(ez — 1) units?®
Ql4ci By similar triangles 2 Marks
x _h Correct solution
150 25
X = 6h 1 Mark
" Finds x in terms of h
V= > X x X hx400
1
V:Ex6h><h><400
V = 1200h?
Q14cii dh 2 Marks
de Correct solution
dh dh dV 1 Mark
—_— =X —
dt dV dt

. dh
Finds —
av




dv

pr —18000 cm3/s
V = 1200h?
V_ 2400h
dh
dh 1
dV ~ 2400h

When h =20cm
dh 1

dt 2400 x 20
dh

3
- "8" —0.375cm/s

X —18000

~ water level is falling at a rate of 0.375 cm/s
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